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Abstract. We study a class of normal affine surfaces with additive group 
actions which contains in particular the Danielewski surfaces in A 3 given by the 
equations x n z = P (y), where P is a nonconstant polynomial with simple roots. 
We call them Danielewski-Fieseler Surfaces. We reinterpret a construction of 
Fieseler [7] to show that these surfaces appear as the total spaces of certain 
torsors under a line bundle over a curve with an r-fold point. We classify 
Danielewski-Fieseler surfaces through labelled rooted trees attached to such a 
surface in a canonical way. Finally, we characterize those surfaces which have 
a trivial Makar-Limanov invariant in terms of the associated trees. 



Introduction 

The surfaces Sj = {x 3 z = y 2 + l}, j > 1, in C 3 = Spec (C [x,y,z]) admit free 
actions of the additive group G a ,c induced by the locally nilpotent derivations 
dj = x^dy + 2yd z of C[x,y,z] respectively. Danielewski [4] observed that the as- 
sociated quotient morphism tt : Sj — > Sj//G a ,C — Spec (C [a;]) is an A 1 -fibration 
which factors throught an A 1 -bundle p : Sj — > A over the affine line with a double 
origin S : X — * Spec (C [x]). Indeed, Sj is obtained as the gluing of two copies 
Spec (C [x] [Ti]) of C 2 , i = l,2, over C* x C by means of the C [cc] x -algebras isomor- 
phisms C [x] x [Ti] C [x] x [T2], T\ 1 — * 2x^3 + T2. This interpretation was further 
generalized by Fieseler [7] to describe certain invariant neighbourhoods of the fibers 
of a quotient A 1 -fibration ir : S — > Z associated with a nontrivial action of G a ,c on 
a normal affine surface S. More precisely, he established that if a fiber ir^ 1 (zq) is 
reduced then the induced morphism p 2 : S Xz Spec (Oz : z ) ~* Spec (Oz, zo ), where 
Oz,z denotes the local ring of z £ Z, factors through an A 1 -bundle p : S — > X 
over the scheme X obtained from Spec (Oz,z ) by replacing zq by as many points as 
there are connected components in 7r _1 (zq). More generally, given a field k of car- 
acteristic zero and a pair (X = Spec (A) , xq = div (x)), where A is either discrete 
valuation ring with uniformizing parameter x and residue field k or of a polynomial 
ring A = k [x], the same description holds for the following class of surfaces. 

Definition 0.1. A Danielewski-Fieseler surface with base (A,x) (A DFS, for short) 
is an integral affine A-scheme ir : S — » A of finite type, restricting to a trivial line 
bundle over A* = A \ {xq}, and such that 7r _1 (xq) is nonempty and reduced, 
consisting of a disjoint union of curves isomorphic to affine line A\. 

In this paper, we give a combinatorial description of DFS's in terms of (A,x)~ 
labelled rooted trees, that is, pairs 7 = (r,cr) consisting of a rooted tree T and a 
cochain a € A n , indexed by the terminal elements of T, satisfying certain conditions 
with respect to the geometry of T (see (1.5) below). Then, as an application, we 
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characterize the DFS's with base (k [x] , x) which have a trivial Makar-Limanov 
invariant [10]. 

The paper is divided as follows. In section 1, we collect some preliminary results 
on labelled rooted trees. In section 2, we reinterpret the 'cocycle construction' of 
Fieseler [7] to describe DFS's as torsors under certain line bundles on a nonseparated 
scheme. In section 3, we associate to every labelled tree 7, a DFS 7r 7 : S (7) — > X 
which comes equipped with a canonical birational X-morphism ^7 : S (7) — > A^ . 
For instance, given a polynomial P G k[y] with simple roots y\, . . . ,y n £ k, the 
Danielewski-Fieseler surface with base (k [x] , x) 

7T : S P , m = Spec (k [x, y, z] / (x m z - P (y))) — X = Spec (k [x]) , 

equipped with the morphism pr y : Sp^ m — > = Spec (k [x] [y]) corresponds to the 
following labelled tree 7p, m = (r TOi „, a). 




In Theorem (3.2), we establish that the category 23(a,x) of DFS's with base (A, x) 
equipped with certain birational morphisms as above and the category T^a.x) of 
(A, a;)-labelled trees are equivalent. Then, in Theorem (3.10), we classify these 
DFS's up to X-isomorphisms in terms of the corresponding trees. In section 4, we 
decompose birational X-morphisms between two DFS's into a succession of simple 
affine modifications [11], which we call fibered modifications (Theorem 4.5). This 
leads to a canonical procedure for constructing embeddings of a DFS ir : S — > X 
into a projective X-scheme n : S — > X (Proposition 4.7). Section 5 is devoted to 
the study of DFS's with base (k [x] ,x), which we call simply Danielewski surfaces. 
We recall that the Makar-Limanov invariant [10] of an affine variety V/k is defined 
as the intersection in T (V, Oy) of all the invariant rings of G aj fe-actions on V . 
Makar-Limanov [12] and [13] established that a surface Sp^ m ~ S (7p, to ) as above 
has trivial Makar-Limanov invariant ML (Sp jm ) = k if and only if m = 1 and 
deg (P) > 1. More generally, in case that k = k is algebraically closed, we give the 
following characterization (Theorem 5.4). 

Theorem 0.2. A Danielewski surface S (7) has a trivial Makar-Limanov invariant 
if and only if 7 is a comb, i.e a labelled tree 7 = (r, a) with the property that all but 
at most one of the direct descendants of a given e G F are terminal elements ofT. 

Finally, we obtain the following description of normal affine surfaces with a trivial 
Makar-Limanov invariant, which generalizes previous results obtained by Daigle- 
Russell [3] and Miyanishi-Masuda [14] for the particular case of log Q-homology 
planes (Theorem 5.9). 

Theorem 0.3. Every normal affine surface S/k with a trivial Makar-Limanov 
invariant is isomorphic to a cyclic quotient of a Danielewski surface. 
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1. Preliminaries on rooted trees 

Here we give some results on rooted trees and labelled rooted trees which will be 
used in the following sections. 

Basic facts on rooted trees. Let (G, <) be a nonempty, finite, partially ordered 
set (a poset, for short). A totally ordered subset G C G is called a subchain of length 
I (C) — Card (C) — 1. A subchain of maximal length is called a maximal subchain. 
For every e G G, we let (| e) G = {e' £ G, e' > e} and (j e) G = {e 1 £ G, e' < e}. 

The edges E (G) of G are the subsets ee' = {e' < e} of G with two elements such 

that (t e') G n (| e) G = ee'. 

Definition 1.1. A {rooted) tree V is poset with a unique minimal element eo called 
the root, and such that ([ e) r is a chain for every e £ T. A {rooted) subtree of T is 
a sub-poset r'cT which is a rooted tree for the induced order. We say that V is 
maximal if there exists e' £ T such that T' = (j e') r . 

1.2. An element e £ T such that Z (j e) r = m is said to be <rf ZeweZ m. The maximal 
elements e^ = e ijTOi , where = Z (j ei) r , of T are called the leaves of T. We denote 
the set of those elements by L (T). The corresponding subchains 



(1) (I e ilTOi ) r = {e^o = e < e i; i < 



,-1 < e 2 



are the maximal subchains of T. We say that T has height h (T) = max (m^). The 
/zrsi common ancestor of two element e, e' £ T\ {eo} is the maximal element of the 
chain (( j e) r \ {e}) n ((4 e') r \ {e'}). The children of e £ V \ L (T) are the minimal 
elements of (f e) r \ {e}. We denote the set of those elements by Chr (e). 




Figure 1. A tree T rooted in e . 



Definition 1.3. A morphism of (rooted) trees is an order-preserving map r : V — > 
r satisfying the following properties: 

a) The image of a maximal chain of V by r is a maximal chain of T. 

b) For every e' £ T', t _1 (t (e')) is either e' itself or a maximal subtree of V . 
Injective and bijective morphisms are referred to as embeddings and isomorphisms 
respectively. 

1.4. This definition implies that for every leaf e! i m , of V at level toJ, t (e^ m ,^j is 

a leaf e j(i)>m . (i) of T at level m j{i) < m{, such that r (e^ fc ) = e^j^^^ for 
every fc = 0, . . . , to- (see (1) for the notation). 
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Labelled rooted trees. In this subsection, we fix a pair (A, x) consisting of a 
domain A and an element x G A \ {0}. 

Definition 1.5. An (A, x) -labelled tree is a pair 7 — (T, a) consisting of a a tree 
r with the leaves ei >mi , . . . , e n ,m n and a cochain a = {o"i} i=1 n G A n such that 
<Jj — <Ji G \ whenever the first common ancestor of e^ TOi and ej. mj 

is at level dij < min (mi,mj). A cochain a with this this property is said to be 
T- compatible. 

A morphism of (A, x) -labelled trees t : (T',cr') — > (r, a) is a morphism of trees 
t ; r' > r such that if ej^ trn . G £ (r) is the image of a leaf e- m , G 1/ (r') by r, 
then Oi — G x m ^^ A. 

The category of (A, a;)-labelled just defined is denoted by %a, x y 

Example 1.6. Every isomorphism class of (k [x] , x)-labelled trees contains a tree 
7 = (r, a) with the leaves ei iTOl , . . . , e n ,m n , such that <7i = X)J=o 1 w i-j x '' •= ^ N 
is a polynomial of degree < rrii for every i = 1, . . . , n. In turn, this cochain a is 
uniquely determined by the choice of a weight function 

w a : E (r) — > k, eij +1 eij ^ w„ (e iij+1 e i: j) = Wij 

with the property that w a ( e ' e ) 7^ w cr ( e " e ) whenever e' and e" are children of the 
same e € I\ A tree T equipped with such a function w is referred to as a fine k- 
weighted tree. A morphism of trees r : V — > T gives rise to a morphism of (k [x] , re- 
labelled t : (r',cr') — > (r, a) if and only if w a (e)r(e')^ = ttv ( ee ') whenever 

t (e) 7^ t (e'). If it is the case, then we say that r is a morphism of fine k-weighted 
trees. In this way, we obtain a bijection between morphisms of (A, x)-labelled trees 
and morphisms of fine k- weighted trees. We conclude that the categories 7~( k [ x ]. x ) 
of (k [x] , x)-labelled trees and of fine fc-weighted trees are equivalent. 

Gluing trees. Intuitively, (A, :r)-labelled trees are constructed by gluing (A, x)- 
labelled chains. Similarly, a morphism t : 7' — > 7 of (A, x)-labelled trees is uniquely 
determined by its values on maximal subchains of 7'. More precisely, we have the 
following results. 

Proposition 1.7. Suppose that (n,m,d,a) is a data consisting of an integer n > 1, 
a multi-index m = (mi, . . . , m n ) G Z™ 0; a matrix d — (dij) i . =1 n G Mat n (Z>o) 
and a cochain a = {<7i} i=1 G A™ wii/i ifte following properties. 

1) For every i ^ j , dij — dji < min (m^, mj) . 

2) For every triple i,j,k, min (dij , dik) = min (djj , djk ) . 
3j For eiien/ i 7^ j, Oj - <7j G \ 

Tften iftere exists a tree T, unique up to a unique isomorphism, with the root eo and 
the leaves e, at levels mi, i = 1, . . . ,n, such that a is T-compatible. 

Proof. Up to an isomorphism, 7* = (d = {e^o < e^i < • • • < ei, mi } , <r,) is the 
unique chain of height rrii > 1 such that is Ci-compatible. For every i 7^ j, 
we let dj — (| &i,dij) c . C Ci. Condition (2) guarantees that there exist isomor- 
phisms of chains ^ : CV,- — > such that ^ (Cij n Cjfe) = Cjj PI Cjk for every 
triple k, and such that the cocycle condition 4>ik — 4>jk°4>ij holds on on CijDC'ik- 
Moreover, (1) implies that for every i = 1, . . . , n, e^o belongs to whereas ei, mi 
does not. Therefore, the quotient poset T = |J" =1 Ci/ (Cy 9 e^fc ~ (ej,fe) G Cji) 
is a tree rooted in the common image eo = e^o of the roots e^o of the chains Cj, 
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and with the leaves ej = ei iTni at level m,, i = 1, . . . , n . Finally, (3) means exactly 
that a is Incompatible. This completes the proof. □ 

Proposition 1.8. Let 7 = (T, cr) and 7' = (V , cr') be two (A, x) -labelled trees. 
Suppose we are given a collection of morphisms of (A, x) -labelled trees 

n ■ li = (^1) = ((I e-) r , , C7-) — ► 7, w/iere L (r') = {ei, . . . , e' n ,} , 

restricting to a same morphism of trees Tij — Tji : 1^ n T'j —> 73 (rj) n Tj (1^) for 
every i 7^ j. Then there exists a unique morphism of (A, x) -labelled trees r : 7' — > 7 
smc/i i/iai r | 7 {= r, /or every i = 1, . . . , n' . 

Proof. The conditions guarantee that there exists a unique order-preserving map 
t : r' — > r such that r |r'= and such that the preimage r _1 (e) of a given 
e G t (r') is the maximal subtree of T' rooted in the unique minimal element of 
t _1 (e). Thus r is a morphism of trees compatible with the cochains a' and a in 
the sense (1.5), whence a morphism of (A, a;)-labelled trees. □ 

Blow-downs of trees. By definition, (see (1.5)), A morphism of trees r : T' — > T 
factors through the retraction of a collection of maximal subtrees of followed by 
an embedding. Therefore, for every element e G T' \ L (T 1 ) such that Chr' (e) G 
L (r'), the image of the subtree Y' e = (f e) r , of V is either a subtree r (r' e ) of T 
isomorphic to T' e or the unique element r (e) G L (T). In the second case, r factors 
through the morphism of trees 



r e : T' — » T' \ Ch^ (e) e! 



e' if el e V \ Ch^ (e) 
e if e' G Chr- (e) 



Definition 1.9. Let 7 = (r, a) be an (A, a;)-labelled tree, and let e G T \ L (T) 
be an element such that Chr (e) G L(T). A blow-down of the leaves at e is an 

(A, x)-labelled tree 7 (e) = (e) , a (e)j with underlying tree f (e) = T \ Chr (e) 

for which the morphism of trees r e above is a morphism of (A, x)-labelled trees 
r e : 7 — > 7 (e). Since two labelled trees 7 (e) with this property are isomorphic, the 
morphism r e itself will be usually referred to as the blow-down of the leaves at e. 

As a consequence of the above discussion, we obtain the following description. 

Proposition 1.10. A morphism of (A, x) -labelled trees factors into a sequence of 
blow-downs of leaves followed by an embedding. 

Equivalence of labelled trees. An (A, x)-labelled tree 7 = (T,a) rooted in eo 
is called essential if Card (Childr (eo)) 7^ 1. The essential subtree Es (r) of a given 
tree V is the maximal subtree of T rooted either in the unique leaf of T if T is a chain, 
or in the first common ancestor e"o of the leaves of T otherwise. For instance, the tree 
r of Figure 1 above is not essential, and its essential rooted subtree is the maximal 
subtree (t e) r of T rooted in e. If an (A, x)-labelled tree 7 = (r, a) is not essential 
then there exists c G A and an Es (r)-compatible cochain Es (cr) = {oi} i=1 G A n 
such that Oi = c + x m di for every i = 1, . . . , n, where m denotes the height of the 
root eo of the essential subtree Es (r) of T. A cochain Es (cr) with this property is 
called an essential cochain for 7, and we say that Es (7) = (Es (r) , Es (cr)) is an 
essential labelled subtree for 7. 
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Definition 1.11. We say that two (A, x)-labelled trees 7 = (T, a) and 7' = (V, a') 

are equivalent if there exist essential cochains Es (a) and Es (a 1 ) for 7 and 7' re- 
spectively, an isomorphism of trees r : Es (T') ^> Es (T) and a pair (a, 6) e A* x A 
such that 

aEs {a'). - Es {a) m + b G a: m «« A 
whenever ej(i) )7n (i . G L (Es (T)) is the image of e\ m , E L (Es (r')) by r. 

Example 1.12. By definition, two essential cochains for a given labelled tree 7 
differ by the addition of a constant b G A. Therefore, the essential labelled subtrees 
for 7 are all equivalent in the sense of definition (1.11). 

2. Danielewski-Fieseler surfaces as fiber bundles 

To fix the notation, we let A; be a field of caracteristic zero, and we let (^4, x) be 
a pair consisting either of a discrete valuation ring A with uniformizing parameter 
x and residue field fc, or a polynomial ring k [x] in one variable x. We let A = 
Spec (A), x — div (x) G A , and we denote by X* = X \ {x } ~ Spec(A :E ) the 
open complement of xq in X . 

Definition 2.1. A Danielewski-Fieseler surface (a DFS for short) with base (X, Xq) 
(or, equivalently, with base (A, x)) is an integral affine A-scheme ir : S — > X of 
finite type such that S \x, is isomorphic to the trivial line bundle over A* and 
such that the scheme-theoretic fiber ir^ 1 (x ) is nonempty and reduced, consisting 
of a disjoint union of curves isomorphic to the affine line A^. A DFS with base 
(k [x] , x) is simply referred to as a Danielewski surface. 

A morphism of Danielewski-Fieseler surfaces with base (X, xq) is a birational 
AT-morphism (3 : S' — > S restricting to an A* -isomorphism /3» : S' \x«— — * S \x, ■ 

Danielewski-Fieseler surfaces together with these morphisms form a sub-category 
®(A,x) ( or ®(x,xo)) °f the category (Sch/x) of A-schemes. 

2.2. The total space S of DFS n : S — * X is a smooth affine surface over k. 
Indeed, X/k is itself affine and smooth, and the local criterion for flatness ([2, 
III, §5]) guarantees that n is a faithfully flat morphism, whence a smooth morphism 
as its geometric fibers are regular. Note that in contrast with general DFS's, a 
Danielewski surface is an affine fc-scheme of finite type since in this case A ~ A^ 
by definition. In general, an arbitrary A 1 -fibration ir : S — + Aj. on a smooth affine 
surface S does not give rise to a structure of Danielewski surface on S, but this does 
not prevent S from being a Danielewski surface for another suitable A^fibration. 
For instance, the Bandman and Makar-Limanov surface [1] S C Spec (k [x] [y, z, u]) 
with equations 

xz — y (y — 1) = 0, yu — z 2 = 0, xu — (y — 1) z = 0, 

equipped with the A 1 -fibration pr u : S — ► Spec (fc [u]) is not a Danielewski surface 
with base (k [u] ,u). Indeed the fiber pr~ x (0) is not reduced. However, it is a 
Danielewski surface pr x : S — ► Spec (k [x]) with base (k [x] , x). 

Following Fieseler [7], DFS's with base (X, xq) can be described as certain A 1 - 
bundles p : S — > Y over a curve 5 : Y — > A with an n-fold point over xq. In this 
section, we give a new interpretation of Fieseler's 'cocycle construction'. 
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Torsors under a line bundle. Given an invertible sheaf £ on a scheme X, the 
line bundle 

V (£) = Spec (S (£)) = Spec £™ — > X 

\n>0 J 

is equipped with the structure of a commutative group scheme for the group law 
m : V (£) Xx V (£) — > V (£) defined by means of the Ox-algebras homomorphism 
S (£) — ► S (£) (g) S (£) induced by the diagonal homomorphism A : £ — > £ © £. 
For instance, if £ = Ox then V (£) is simply the additive group scheme G a x — 
Spec (Ox [T]). 



2.3. A scheme ir : S — > X locally isomorphic to the trivial line bundle 



is 



called an A 1 -bundle. If S comes further equipped with an action of a line bundle 
V (£) / X for which there exists an open covering U = (Xj) i£/ of X such that S \x t 
is equivariantly isomorphic to V (£) x 4 acting on itself by translations for every 
i £ I, then we say that 5 is a V (C)-torsor. We recall [9, XI. 4. 7] that the set of 
isomorphism classes of V (£)-torsors is a group isomorphic to H 1 (X, £ v ). Indeed, 
an automorphism of the symmetric Ox-algebra S (£) is equivariant for the co-action 
of S (£) on itself by translations if and only if it is induced by an homomorphism 
of Ox-modules (<?, Id) : £ — > Ox ffi £, where g G Homx (£, Ox)- Therefore, given 
a V (£)-torsor tt : S — ► X which becomes trivial on U, there exists a Cech cocycle 
g = {gij} i:jeI G C 1 (W,£ v ) such that S is isomorphic to the scheme ~W(U, £, g) 
defined as the spectrum of the quasi-coherent Ox-algebra obtained by gluing the 
symmetric algebras S (£ |xj over Xij = Xi fl Xj by means of the Ox;., -algebras 
isomorphisms S (gij , Id) induced by the Ox i:j -modules homomorphisms (gij , Id) G 
HoniXij (£ |xy,Ox y ffi£ * 7^ J- The isomorphism class of W (hi, £, .g) is 

simply the image in ^(X.C) ~ ^(X,£ v ) of the class [g] G H 1 ^,^) of 

2.4. If the base scheme X is integral, then every A 1 -bundle 7r : 5 — > X admits a 
structure of a V (£)-torsor for a suitable invertible sheaf £ on X. Indeed, since X is 
integral, the transition isomorphisms Tij = TiorJ associated with a given collection 
of trivialisations t, : S \xi—> Spec (Ox ; [T]), i G /, are induced by automorphisms 
T i ^ ^ + /ijT of Ox SJ [T], where g iS G T (X t3 ,O x ) and /y G T (X tJ ,O x ). For a 
triple of indices i ^ j ^ k, the identity = Tjfe o over n Xj n X^ guarantees 
that (fij) i j eI G C* 1 (U,O x ) is a Cech cocycle defining an invertible sheaf £ on 
X, trivial on £Y, with isomorphisms (pi : £ |x 4 — ► Ox 4 , i E I. By construction, 
.9 = {ffij ' 0i |x y } i - eJ € C 1 (W, £ v ) is a Cech cocycle for which S is X-isomorphic 
to the V (£)-torsor W (U, £, g). 

Schemes with an n-fold divisor. Given a principal divisor xo = div (x) on an 
integral scheme X and an integer n > 1, we let S n . X (n) = X (xo,n) — > X be 
the scheme obtained by gluing n copies : Xj (n) ^ X of 1 by the identity over 
the open subsets Xi (n)^ = Xi (n) \ a;, (n), where x% (n) = d^ 1 (xo). We denote by 
U(n) = (Xi (n)) j=1 „ the canonical open covering of X (n). For every i ^ j, we 
let Xij (n) = X t (n) n X, (n) ~ X \ {a; }- 

Definition 2.5. Given a multi-index [i = (/ii, . . . , ^t„) G Z", we let 

Ox(n) (Mi^i (n) + . . . + (»)) 
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be sub-Ox (n) -module of the constant sheaf lC X ( n ) of rational functions on X (n) 
generated by (x o 6 n )~^ on Xi (n). The dual sheaf £^ „ of C n ^ is isomorphic to 
the sheaf Ai.-ju corresponding to the multi-index — p = (— pi, . . . , — p n ) G IP. We 
denote by s M the canonical rational section of C n ,n corresponding to the constant 
section 1 6 T [X (n) ,JC X ( n ))- 

Danielewski-Fieseler surfaces as torsors. Given a DFS ir : S — > X with base 
(X, xq), we denote by C\,...,C n the connected component of the fiber ir^ 1 (xq). 
We let S n : X (n) = X (xq, n) — > X be as above, and we let p n : S — > X (n) be 
the unique X-morphism such that ir — S n o p„, and such that C% = p^ 1 (xi (n)) for 
every i — 1, . . . , n. 

Proposition 2.6. There exist a multi-index p — (pi, . . . , p n ,) G Z™ smc/i that 
Pi = /or Zeasi one indice i, and a cocycle g £ C 1 (U^, C n ,^) such that S is 
X (n) -isomorphic to the~V (C n: -^)-torsor p n : W (£Y(„), £ n! _ M , (?) — >X(n). 

Proof. Since X is either the afHne line or the spectrum of a discrete valuation 
ring, the Picard group Pic (X) is trivial, and so every invertible sheaf on X (n) is 
isomorphic to C n ~pi for a certain multi-index p G Z™ such that pi = for at least 
one indice i. Moreover, every open subset Xi (n) ~ X of the covering U( n ) is afHne. 
Therefore, a V (£„._ /J )-torsor p : W — ► X (n) is isomorphic to W (W(„) , £ n! _ M , <?) 
for a certain cocycle .g G C 1 iU,C n ,^) representing its isomorphism class c(W) G 
H 1 (X (n) , C n ^). So, by (2.4), it suffices to show that p n : S — > X (n) is an 
A 1 -bundle . This can be done in a similar way as in Lemma 1.2 in [7]. □ 

2.7. In view of the correspondence (2.4) between A 1 -bundles and V (£)-torsors, a 
DFS W {U(n),Cn,-n,9) is X-isomorphic to the surface S — ^X;/ ~ obtained 
by gluing n copies of A x = Spec (A [Tj]) of by means of Ar-algebras isomor- 
phisms A x [Ti] ^ A x [Tj], T t i ► gij + x^~^Tj, where g io := x^gij G A x for every 
i j. In this way, we recover the "cocycle construction" of Fieseler [7] . 

2.8. A general scheme S = W {U( n \, C nt -^,, g) is not affine. For instance, if n > 2, 
then &x(n) is not even separated. However, a similar argument as in Proposition 
1.4 in [7] shows that S is afHne if and only if the corresponding transition functions 
gij — x^gij and gji — —x^ j gij above have a pole in xq for every i ^ j. This means 
equivalently that for every i ^ j, g^ G T (Xij (n) , C n ,n) is not in the image of the 
differential 

(res, - resj) : T (X, (n) , C n ^) T (X, (n) , C n>ll ) -» T {Xy (n) , C n ^) . 

In turn, this condition is satisfied if and only if for every i ^ j, S |xi(n)ux i (n) is a 
nontrivial V(£„._ Ai ) |x i ( n )ux j (n)-torsor. This leads to the following criterion. 

Proposition 2.9. A scheme W (W(„), C n -^, g) is a DFS if and only if it restricts 
to a nontrivial V (Ln^^) \jj-torsor on every open subset U ~ X (2) o/X. 

Morphisms of Danielewski-Fieseler surfaces. Given two DFS's S" = W (lAi n i\, £ n '.-fj,', <?') 
and S" = W {Ui n t\, C n i , 5') as in (2.6) and a morphism of DFS's /3 : <S" — ► S 1 , 
we let a : X (n') — > X (n) be the unique X-morphism such that /? (p", 1 (x^ (n'))) G 
p^ 1 (a(xi (n))) for every i = 1, . . . ,n' . We denote by j £ C 1 {lA( n '),a* C n ,ti) the 
image of a*g G C 1 (a -1 ,a*£„ ;Al ) by the restriction maps between Cech 
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complexes. We obtain a factorization f3 = prs o (3' 



S' 



^S = S x x(n) X (n') ~ W («<„,), g 



) 



P; 



P- 



X{n>) 



X{n>) 



a. 



^X{n) 



where (3' is an X (n')-morphism restricting an isomorphism over 5 n , (xo). This is 
the case if and only if the homomorphisms S (a*C n -n) \xi(n')— * S (jC n ',-n>) \x f (n') 
corresponding to the restrictions (3[ : S' \xi(n')^ S \xi{n') of f3' are induced by 
Xl -modu\es homomorphisms (c;,£i) : a*C n -^ \ Xi (n')-> ®x,(n') ®^n'-n> \x,(n>), 
i = 1, . . . , n', where d G Homx,(„') (a*£„._ Ai , £ n \-^') restricts to an isomorphism 
over Xi (n')\{xi (n')}, and where qeT (JQ (n') , a*£„. At ). Moreover, it follows from 
the definition of S' and S respectively that the pi's coincide on the overlaps X^ (n'), 
i ^ j, if and only if the (Vs glue to a global section £ G Homx(n') (<2*Ai,-^i £«',-/*') 
such that g' o ( ~ g + d (c), where d denotes the differential of the Cech complex 
C a*C Ut -^). Summing up, we obtain the following characterization. 

Proposition 2.10. A morphism of DFS's (3 : S' — > 5 exists if and only if there 
exists a data (a, 0, c) consisting of: 

1) an X -morphism a : X (n') — > X (n), 

2) a section 6 =* £ G Homx(n') (Ai' l( u'i ot* C n ^) such that Supp{9) C (J^ 1 (so), 

3) a cochain c G C° (W(„<), a*£„ i([1 ) shc/i i/iai 6* (5') = g + 9 (c). 
Furthermore, (3 is an isomorphism if and only if a and 6 are. 

Example 2.11. Given a DFS S = W (U( n ), £ n! _ M , g) , there exists an integer 
ho > max(/ii), depending on g and /i, such that for every h > ho, x S-^ is 
a regular section of defining an homomorphism of C>x(n) -modules : 

— ► X ( n ) with the property that 6^ (gy) G T (Xy (n) , 0x(n)) extends to a 
section <jj of Xj ( n ) f° r every j = 2, . . . ,n. By (2.10), the data (5 n , Q^.n, a), where 
a = {(Ti = 0, o-j}j_ 2 n G A", corresponds to a morphism of DFS's i\) : S — > . 

Additive group actions on Danielewski-Fieseler surfaces. As a torsor, a 

DFS 7r : S = W (U( n ), Cn-^^g) -^-> X (n) X comes equipped with an action 
: V (£„ ; _^) Xx(n) S — > 5 of the line bundle V (£ rii _ M ). Every nonzero section 
s G T {X (ri) , Cn^) gives rise to a morphism of group schemes <p s : G a ,x(n) —* 
V (£„ ; _^), whence to a nontrivial action 

m s = m n ^ o (4> s x Id) : G a ,x( n ) *x(n) S -^> d V {£ n ,-n) x x( n ) S S 

of the additive group G a ,x by means of X (n)-automorphisms of S. 

Proposition 2.12. Every nontrivial G a . x -action on S appear in this way. 

Proof. A connected component of 7r _1 (xo) is invariant under a G a ,x -action. There- 
fore, a G a ,x-action on S lifts to a G aj x(n)-action m : & a ,x(n) x x(n) S — > S. In turn, 
this action restricts on S \ Xi ( n )— V(£„ ; _ AJ ) \ Xi ( n ) to a & a ,Xi(n) -action mi. Thus 
there exists a nonzero section Sj G r (Xj (n) , £„ i([t ) ~ Homx ( ( n ) (£„ ; _ M , Cxi(n)) 
such that the corresponding group co-action is induced by the Ox,(n) -modules ho- 
momorphism (Id <g> 1 + Si <S> T) : £„ _ p Ix^n)-* s ( £ n U,(™) ®Ox,(„)Ox,w . 
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Clearly, these actions coincide on the overlaps X^ (n) if and only if the Sj 's glue to 
a section s G T (X, £ n ,n) such that m — m s . □ 

Corollary 2.13. A DFS n : S — > X admits a free G a ,x-action if and only if its 
canonical sheaf is trivial. 

Proof. By construction, the canonical sheaf of S = W (Ur n ) > £n,-n, s) is isomorphic 
to p^Ln,-^- It is trivial if and only if C n ,-^ is. On the other hand, the discussion 
above implies that S admits a free G a ,x-action if and only if C n ,^ — is 
trivial. □ 

3. Danielewski-Fieseler surfaces and labelled rooted trees 

Here we give a combinatorial description of DFS's by means of labelled trees. 
To state the main result of this section, we need the following definition. 

Definition 3.1. A relative Danielewski-Fieseler surface with base (A, x) is a mor- 
phism 6 = (V> : S — > A x ) of DFS's with base (A, x). A morphism of relative DFS's 
is a morphism of DFS's : S' — > S such that tp' = V> o /?. 

This section is devoted to the proof of the following result. 

Theorem 3.2. The category 2)(a,x) of relative DFS's with base (A,x) is equivalent 
to the category T(a,x) of {A, x) -labelled rooted trees. 

In the following subsections, we construct an equivalence of categories in the form 
of a covariant functor 6 : T(a,x) ~~ > 2) /(A,x)- 

DFS's defined by labelled rooted trees. Given an (A, x)-labelled tree 7 = 
(r, a) with the leaves ei, mi , . . . , e„ jm „ , we let p = p (7) = (pi = h- mi) l=1 ^ n G 
Z" , where h — h (T) denotes the height of T. Since pi < h for every i = 1, . . . , n, 
the multiplication by the regular section x h s- t _ l of C n -\x defines an homomorphism 
@n,h '■ £n,n = £n,-a ~~ * ®x(n) restricting to an isomorphism over d^ 1 (X*). We 
let 3(7) G C 1 (U( n ),£ n ,n) be the unique cocycle such that d^h (<7 (7)) = 9(a) G 
C 1 (W(„),Ox(n))- If n = 1, then the scheme tt 7 : S (7) = W (U( n ),C„ (7)) -> 
X corresponding to this data is isomorphic to A x . Otherwise, if n > 2, then, by 
(1.5), the transition functions gij — x^g^ = x~ mi (o-j — <7j) G and <7ji have 
a pole at xq. Thus S (7) is a DFS by virtue of (2.8). The morphism of DFS's 
S (7) = (V> 7 : S (7) — ► A x ) defined by the data (S n , @ij,,h, c) is called the canonical 
morphism associated with 7. The following result completes the first part of the 
proof of theorem (3.2). 

Proposition 3.3. Every relative DFS is isomorphic to & (7) for a suitable tree 7. 

Proof. A morphism of DFS's 6 = (V> : S = W {lA( n ), Cn-p,g) —* A x ) is given by 
a data (5 n , 9 = a9 l _ lt h, cr), where a G A* and h > max (pi), such that 9 (g) = d (a). 
If n > 2 then m -i = h — p i > 1 for every i = 1, . . . , n. Indeed, otherwise there 
exists an indice i for which 9 induces an isomorphism 9i : C n ,n \xdn\~* Cx,(n)- 
Thus, for every j ^ i, g^ G V (Xij (n) ,C n ,n) extends to a section of C n ,^ \xi{n) as 
~ a i \xi(n) °» |x 4 (n)€ r (-X"i_j (n) , Ox(n)) extends to a section of Oxi(n)- 
This implies that S |x i (n)ux<(n) is a trivial torsor, in contradiction with (2.9). 
For the same reason, dij — ord Xo (<jj — <7j) < min (m,,mj) for every i ^ j. Since 
mm (dij , dik) = mm(dij,djk) for every triple of indices i,j and k, we deduce from 
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(1.7) that the data (n, (mj) i=1 n ,(dij) i j_ 1 „,cr) corresponds to an (A, x)- 
labelled tree 7 = (r, a). Finally, the data (ldx( n ),aldc n _^,0) defines an iso- 
morphism of DFS's <j> : S ^ S (7) such that V 7 = ip ° 4>~ X ■ S (7) -> A^. □ 

Corollary 3.4. Every DFS is X -isomorphic to S (7) for a suitable tree 7. 

Proof. Indeed, by (2.11), every DFS S admits a morphism of DFS's 6 = (ip : S -> ALJ. 

□ 

Example 3.5. Given three integers r > 0, m > 1 and n > 1, we consider an 
(A, x)-labelled tree 7 = (T r , m ,m a) with the following underlying tree 



m 




Since there exists b G A and a cochain cr£i" such that cr^ = 6 + x r &i for every 
z = 1, . . . , n, the corresponding DFS 7r 7 : S (7) — > X is obtained by gluing n copies 
Spec (A [Tj]) of Ajf by means of the Ar-algebras isomorphisms 

A x [Ti] A x [Tj] , T 4 ^x- m (^-CT 4 )+^, 

Since aj — &i G A \ xA for every 7 7^ j, the local sections (7j + x m Ti G .A [7$], 
2 = 1, . ..,n, glue to a global one si 6 B = T (X, 7r 7>t C>5( 7 )) which distinguishes 
the irreducible components of 7r~ 1 (xo). Letting P = YYi=i (v ~ ^ [j/]> the 
rational section x~ m P (si) G j4 x extends to a regular section S2 G £?, inducing 
a coordinate function on every irreducible component of 7r~ 1 (xo). By construction, 
the A-algebras homomorphism A [y, z] — > £?, y s 1; z 1— > S2 defines a closed 
embedding <j> : S (7) A^ = Spec (A [y, z]) which induces an X-isomorphism 
between S (7) and the surface 

7T : Sp, m = Spec (A [y, z] / (x m z - P (y))) — > X 

In this coordinates, the canonical morphism ^7 : S 1 (7) — > A^ is given as the 
restriction on /Sp ;TO of the X-morphism A^ — > A^ , (y, z) 1— > x r y + fe. 

Morphism of DFS's defined by a morphism labelled rooted trees. Given 
two (A, x)-labelled trees 7' = (T',<r') and 7 = (r, a), we equip the corresponding 
DFS's 5( 7 ') - W(W (n ,), £„,,_„,, and 5 (7) = W (W (n) , fl ) with their 
canonical morphisms i/y and ^7 respectively. By (1.4), the image of a leaf e' im , 
of r' by a morphism of (A, x)-labelled tree t : 7' — > 7 is a leaf ej( i y m(j) of F 
such that > rrij^), and cr^ — <7j(j) G x m i^ A for every 7 = 1, . . . ,n'. Letting 
a : X(n') — > X (n) be the unique X-morphism such that a(xi(n')) = Xj^(n) 
for every i = 1, ... ,71, we conclude that the invertible sheaf a* 'jCn,-^ is isomor- 
phic to C n '- V , where v = n , G Z™ . The multiplication by the 

regular section x' l ( r s v -^ G r (X (n') , C n ',v-ii') defines an homomorphism 

of O x (n') -modules 6 : £ n >^> — » a*C n ^ ~ such that 0^,^/ = a*^,/, o (9. 

By construction, there exists a unique cochain a" G C° (£/(„/), such that 
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0i*6^h W) = {cr'i - cr j(')}i=i,...n' e C ° (U(n')>Ox(n>))- Since Q*6^h restricts to an 
isomorphism over 5~, (X*), we conclude that 9{g a i (7')) = g a (7) + d(a"), where 
g a (7) G C 1 (U{n'),£n>,v) denotes the image of a*g a (7) £ C 1 (a^U^^a* £ n ^) by 
the restriction maps between Cech complexes. By (2.10), the data (a, 8, a") defines 
a morphism of DFS's (3 T : S (7') — > 5 (7) such that ipy = ^7 /?r, *-e- a morphism 
P T : & (7') — > 6 (7) in D(a,x)- We say that /3 r is the morphism of relative DFS's 
defined by r : 7' — > 7. 

Example 3.6. We consider the blow-down r e : 7' — > 7 of the leaves at e between 
the following (k [x] , a;)-labelled trees 7' = (T', cr') and 7 = (T, cr). 




x —x 

y * 7 

We let si eB' = T (X, (7^), Os( 7 ')) and s x e B = T (X, (7T 7 ) jk £>s( 7 )) be the sec- 
tions corresponding to the canonical morphisms ipy : S (7') — > A^ = Spec (fc [a;] [y]) 
and ^i> 7 : S (7) — > A^ respectively. By (3.5), 5(7) is isomorphic to the surface 
S = {xz — y (y 2 — l) = 0} C A? x = Spec (k [x] [y, z]) via the embedding induced by 
the k [x]-algebra homomorphism k [x] [y, z] 1— > B, (y, z) 1— > (si, S2 = £ _1 Si (s 2 — l)). 
A similar argument shows that S (7') is isomorphic to the Bandman and Makar- 
Limanov surface S' C h? x = Spec (k [x] [y, z, u]) with equations 

xz - y (y 2 - l) = 0, yu-z (z 2 - l) = 0, xu - (y 2 - l) (z 2 - l) = 0, 

via the embedding induced by the k [x] -algebras homomorphism k [x] [y, z,u] — > B 

(y,z,u) ~ = x- 1 ^ (K) 2 - l) ,4 = x- 1 ((,si) 2 - l) (( S ' 2 ) 2 - 1)) 

In these coordinates, the morphism /3 Te : S (7') — > 5 (7) defined by the blow-down 
T e coincide with the restriction of the projection A^ — > A 2 ^ , (x, y, z, u) 1— » (x, y, z). 

3.7. The correspondence 7 1— > 6 (7), (t : 7' — > 7) 6 (r) = (/3 T : 6 (7') — > S (7)) 

defines a covariant functor 6 : T{a, x ) — * ^(A,x)- It follows from (3.3) that 6 is 
essentially surjective. The following result shows that 6 is fully faithful, whence 
completes the proof of theorem (3.2). 

Proposition 3.8. Every morphism (3 : & (7') — ► & (7) coincides with a unique 
morphism (3 T defined by a morphism of (A, x) -labelled trees t : 7' — > 7. 

Proof. By (2.10), j3 is determined by a data (a, 6, a") such that a(xi(n')) = 
Xj(i) (n), i = 1, ■ ■ ■ ,n', On',h = &*Qn,h °8, a' ~ a*a + a*6^h W), an d such that 

0(9*' {i)) = a*g a { 1 ) + d{a") G C 1 (M^.a*^) . 

Since a*£„ jAt is isomorphic to where v — {fij(i)) i G Z™ , we conclude that 

9 is the multiplication by x h _h s„_ M / ET (X (n r ) , £„/ ,u-n')- Thus m- > rrij^ and 
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a" = a*e^. h ((j'l) £ x h ~^(i)A = x m m)A for every i = l,...,ri. Therefore, the 
formulas 

3 e' l k h-> n (e' l k ) = e m min ( k mm j £ T j{i) , i = 1, . . . , n' k = 0, . . . , mj, 

(see (1) for the notation) define a collection of morphisms of trees Tj : (r^,cr^) — > 
(rj(j) , <7j(i)) in T(a,x)- Moreover, we deduce that 

(2) ord, {a[, -a>) = { ° rd - (*? ~ °" ^ > if j W = ^ . 

[ ord Xo {(Tj(i') - o (i) ) otherwise 

Since a 1 and a are compatible with V and T respectively, (2) guarantees that the 
conditions of (1.8) are satisfied. Thus there exists a unique morphism r : 7' — > 7 
in ^(A,x) sucn that r | 7 <= for every i = l,...,n'. By construction, /3 = (3 T . □ 

Corollary 3.9. For every morphism of DFS's f3 : S' — ► 5 i/iere ezisi a morphism 
of (A, x) -labelled trees r : 7' — > 7 and a commutative diagram 

S' — — -»-s 



5(Y) — 5( 7 ) 



Proof. Once a morphism of DFS's V> : 5 — > A^- is chosen (see (2.11)), (V> : 5 — > A^) 
and (?/>' = V 7 : 5' — > A^-) are objects of 2)(a,x)i whereas /3 : 5' — ► 5 corresponds 
to morphism in 2) (,4.x)- So the result follows from (3.3) and (3.8). □ 

Reading isomorphism classes of Danielewski-Fieseler surfaces from trees. 

To decide when two DFS's are X-isomorphic, we have the following criterion. 

Theorem 3.10. Two (A, x) -labelled trees define X -isomorphic DFS's if and only 
if they are equivalent (see (1.11) for the definition). 

Proof. We first observe that if 7' = (T',a') is an essential labelled subtree for 
7 = (r, a) then the DFS's 5 (7) and 5 (7') are X-isomorphic. Indeed, there exists 
m € Z>o and b G A such that mi = m! i + m and Oi = b + x m a'; L for every i = 
l,...,n. Thus = A* (7) = A* G z >o> 5 (7) = .9(7') G C 1 (W (n) , C n ^) , and 

so, 5(7) ~ 5(7'). Therefore, it suffices to prove the assertion for DFS's defined 
by essential labelled trees 7 = (r, a) and 7' = (T',<r'). If 7 and 7' are equivalent 
then h = h (T) — h(T') and there exists a permutation j of {1, . . . , n} such that 
Mi = Mjfi) f° r ever Y * — 1). ■■)".. Moreover, there exist a pair (a, b) £ A* x A 
and a cochain a — {o"i} j=1 n £ A™ such that cr^ = a<7j(i) + & + x m i { - iS >dju\ for 
every i = 1, ...,n. Letting a" — {a'/ = a\ — &} i=1 „, the same argument as 
above shows that 5 (7') is X-isomorphic to the DFS defined by the labelled tree 
7" = (r',cr"). Thus, by replacing 5(7') by 5(7") if necessary, we can suppose 
from now on that 6 = 0. We let a £ Autx {X (n)) be the unique X-automorphism 
such that a(xi (n)) = Xj^ (n), and we let c £ C° (lA(n), be the unique 

cochain such that 0^ t h (c) = {a _1 a; m J( i )CTj(j)} i _ 1 . Since £ n>/J ' ~ a*C n>ll and 

a_1 <? (7') = a *9{l) + <9(c), we conclude that the data (a, aldc n M , , defines an 
isomorphism of DFS's /3 : 5 (7') 5 (7). Conversely, an X-isomorphism (3 : 5' = 
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S (7') ^ S = S (7) exists if and only if the trees 7 and 7' have the same number n 
of leaves, and there exists a data 

(a,6,c) E Aut x (X(n)) x Isom x(n) (£„ ; ^, a*£„ ;/J ) x C° (U {n) ,a* C n ^) 

such that 6* (g (7')) = a*.g (7)+<9 (c). By replacing £ by the X-isomorphic DFS a*S, 
we can suppose that a = ldx< n )- We can also suppose that h' = h (V) > h = h (T). 
Then jC n ,n' and C„^ are isomorphic if and only if vn! i = h'—fj^ = h—fii+m = rrii+m 
for some m E Z>o. The identity 9 {g (7')) = 9 (7) + <9 (c) is satisfied if and only there 
exist a pair (a, b) E A* x A such that cr, := <7j + 0^ (cj) = ffii m (r| + b <E A for every 
i = 1, . . . , n. By definition, 8^.h (q) E x mi A C a;A for every i = 1, . . . , n. Moreover, 
since T is essential, there exist i ^ j such that o 3 — Ui E A \ xA. Thus m = 0, and 
so ord^o (crj - <7j) = ord XQ (<rj - ct-) for every i 7^ j. Letting u = {vi} i=h ..^ n , we 
conclude that the trees 7' and 7 = (T, cr) are equivalent. This completes the proof 
as 7 and 7 are isomorphic, whence equivalent. □ 

Example 3.11. The following (k [x] , x)-labelled trees -f t — (r, a t ), where t E k, 



define a family of DFS's 7r t : St = S (j t ) — > X = Spec (fc [a;]). A similar argument 
as in (3.5) shows that S t is X-isomorphic to the fiber pr^ 1 (i) of the threefold 
pr v : X C Spec (k [x] [y, z, u, v]) — > Spec (fc [w]) with equations 



These DFS's St are two by two non X-isomorphic as the trees 74 are two by two 
nonequivalent. However, there are all isomorphic as abstract schemes. Indeed, a 
similar argument as in (4.6) below shows that there exists a projective surface St, 
obtained from the Hirzebruch surface pi : Fi = P (Opi © (Dpi (—1)) — ► Pj. by first 
blowing two distinct points 2/1,2/2 E F = p^ 1 (0) with exceptional divisors E and F, 
and then blowing-up a point t/3 E E\Fq, and an open embedding of St in >§t as the 
complement of the union of the strict transforms of E, Fo, Foo = p^ 1 (00) and of a 
section C of pi 'at infinity'. By successively blowing-down the strict transforms of 
C, Fo and E, we realize St as the complement in Fi of a section D t of pi with self- 
intersection (Dj ) = 3. By a result of Gizatullin-Danilov [8], the isomorphism class 
of Fi \ D as an abstract scheme does not depend on the choice of a section D such 
that (-D 2 ) = 3. Therefore, the surfaces S t ,t E k, are all isomorphic. Since they are 
not X-isomorphic, we deduce that a surface S ~ Fi \ D as above comes equipped 
with a family qt : S — > X t of structures of DFS over different bases X t ~ Aj., t E k, 
such that the general fibers of qt and qt' do not coincide whenever t ^ t' . 

4. Danielewski-Fieseler surfaces and affine modifications 

Here we exploit the structure of rooted trees to give another description of mor- 
phisms of DFS's. As a consequence, we obtain a canonical procedure to construct 
an open embedding of a DFS ir : S — > X into a projective AT-scheme tt : S — > X. 




* 1 + tx 



It = 



xz — y (y — 1) = 0, yu — z (z — v) = 0, xu — y (z — v) = 0. 
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Morphisms of Danielewski-Fieseler surfaces as affine modifications. In 

what follows, we freely use the results about affine modifications, referring the 
reader to [11] for complete proofs. However, we recall the following definition. 

Definition 4.1. Suppose we are given an affine scheme V = Spec (B), a nonzero 
divisor / € B an an ideal I C B containing /. The proper transform D^ r of 
div (/) in V — Proj (B [It]) is the set of prime ideals p E V such that ft € p. The 
affine scheme V — V \ Supp (D p f r ^ ~ Spec (B [It] / (1 - ft)) is called the affine 
modification of V with the locus (I,f). 

Definition 4.2. A morphism of DFS's (3 : S' — > S is called a fibered modification 
if there exist an (A, x)-labelled tree 7' = (V, a'), a blow-down T e > : 7' — > 7 of the 
leaves at a certain e! E V (see (1.9) for the definition) and a commutative diagram 



i i 

Sh') -5( 7 ) 

4.3. Consider a blow-down T e > ■ 7' — > 7 of the leaves e' l7 . . . , ej. at e' € T'. For 
every G Leaves (T) \ {e' l7 . . . , e£.}, Cji^ = r e / (e^) is a leaf of 7', and r e < restricts to 
an isomorphism of labelled chains (j e^) 7 , (J. ej(j)) . Therefore, the morphism 

(3 Te , : S' = S(j') S = 5(7) induces isomorphisms S" |x,(n')^ 5 \x m (n) 
between the corresponding open subsets of S' and S respectively. On the other 
hand, the image of the labelled subtree 7 (e') = (J. e!) , U Chr' (e') of 7' by r e ' 
is the subtree (4r e ,(e')) of 7. By (3.5), there exists an X-isomorphism between 

S = S' \x 1 (n')u-ux r (n') and a DFS Sp = Spec (A [y, z] / (xz - P (y))) for a certain 
polynomial P E A[y] of degree r whose residue class P E A [y] / xA [y] ~ k [y] 
has r simple roots. In this coordinates, the restriction f3 : S — > S \ Xj(i) (n)— 
coincides with the first projection p y : Sp — > = Spec (A [y]). Therefore, S is 
isomorphic to the affine modification of with locus (J, /) — ((x, P (y)) , x). Since 
(x,P(yj) is a regular sequence in A[y], the Rees algebra A[y] [It] is isomorphic 
to A [y] [u, v] I (xv — P (y) u) via the map u 1— » xt, v P (y) t. Therefore, the 
proper transform D P J = {xt = u = 0} of the line L = div (x) C A^- by the blow- 
up morphism /? : Sp = Proj^ (A [y] [It]) — > A^ coincides with the usual strict 
transform L' of L. This leads to the following description. 

Proposition 4.4. Given a fibered modification (3 : S' — ► S, there exists a unique 
irreducible component C of n^ 1 (xo) such that (3 (f3~ 1 (C)) is supported at a 0- 
dimensional closed subscheme Y C C . Letting (3 : S' — > S be the blow-up of Y 
equipped with its reduced structure, S' is isomorphic to the complement in S' of the 
strict transform of C , and the irreducible components of (n') 1 (xq) contained in 
P^ 1 (C) coincides with the intersections of the exceptional divisors of (3 with S' . 

As a consequence of (1.10) and (3.2), we obtain the following result. 

Theorem 4.5. Every morphism of Danielewski-Fieseler surfaces factors into a 
finite sequence of fibered modifications followed by an open embedding. 
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Local completions of Danielewski-Fieseler surfaces. In this subsection, we 
construct open embeddings of a DFS tt : S — > X into projective X-schemes tt : 
S — > X. Our procedure coincides with the one of Theorem 2 in [7] in case that 
7r : S —* X is defined over C. 

4.6. Given a DFS n : S — S (7) — > X defined by an essential (A, a;)-labelled tree 
7, we consider a factorization of the canonical morphism ^7 : S = S m — > A^ = So 
into a sequence of fibered modifications : S& — > Sk-i, k = 1, . . . ,m. We embed 
So in the P 1 -bundle ffo : So : — ~ ^ as the complement a section C ~ X 'at 
infinity'. For every fc = 1, . . . , m, we let 0k ■ Sk — > Sfc_i the blow-up morphism 
corresponding to the fibered modification (3k '■ Sk — > Sk-i- By construction, the 
morphism ^7 lifts to an open embedding of S into n : S = S m —> X. We denote 
by £j ~ Pi, j 6 J, the irreducible components of 7f _1 (F ) different from the strict 
transform Fq ~ of F = 1 (x ) and the closures C e ~ P£, e £ X (r), of the 
irreducible components of ir^ 1 (xq). Since for every fc = 1, . . . , m, the center of the 
blow-up (3k ■ Sk — > 5/s-i is contained in the closure £\_i — Pj. in S\_i of a unique 
irreducible component of 0^-1 (Fq) n Sk-i, we conclude that Bk — Sk\ Sk is the 
strict transform of -B/c-i U Dk-i- Therefore, the dual graph of the STVC-divisor 

Supp (So)) - (B m \ C) U |J C e 

eeL(T) 

coincides with the underlying tree T of 7. Since the tree T is essential by assumption, 
we conclude that (f'I^J = -Card(Child r (e )) ^ -1 , whereas (£?) < — 2 for every 
curve Ej C S, j G J. This leads to the following result. 

Proposition 4.7. A DFS tt : S = S (7) — > X iwi/i frase (X, so) defined by a labelled 
tree 7 = (r,a) admits an open embedding i : S 5 mio a regular projective X- 
scheme tt : S ~> X with the following properties. 

a) 7f restricts to a trivial F -bundle over X* = X \ {xq}. 

b) The fiber S Xo = tt" 1 (x ) is a reduced SNC -divisor which does not contain 
{—l)-curves meeting at most two other components transversally in a single point. 

c) The irreducible components of S Xo are isomorphic to Pj.. 

d) The dual graph of S Xo and S Xo \ i (S Xo ) are isomorphic to the underlying tree 
V of an essential tree for T and to the subtree subtree V \L (T') of V respectively. 

5. Danielewski surfaces 

We recall (2.1) that a Danielewski surface is a DFS with base (k [x] ,x), where 
k denotes a field of caracteristic zero. As a consequence of (1.6) and (3.2), the 
category Q (k[x],x) of relative Danielewski surfaces is equivalent to the category 
of fine fc-weighted trees. Therefore, every isomorphism class in ® (k[x],x) contains a 
canonical object (V'o : So — > A^), consisting of the canonical morphism of the DFS 
7r : Sq = S (j w ) — > X defined by the (fc [x] , x)-labelled tree j w obtain from a fine 
fc-weighted tree by the procedure described in (1.6). In this section, we characterize 
Danielewski surfaces with a trivial Makar-Limanov invariant in case that the base 
field k is algebraically closed. 

Notation 5.1. Throughout this section, k denotes an algebraically closed field of 
caracteristic zero. 
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Normal affine surfaces with a trivial Makar-Limanov invariant. The Makar- 
Limanov invariant [10] of an affine algebraic variety V = Spec (B) over k is the 
sub-algebra ML (V") of B consisting of regular functions on V which are invari- 
ant under all G Qi fc-action on V. If ML (V") = k, then we say that V has a triv- 
ial Makar-Limanov invariant. It is known that a normal affine surface surface S 
has a trivial Makar-Limanov invariant if and only if it admits two A 1 -fibrations 
7Ti : S — > X\ ~ A| and 7r 2 : S — > X 2 — A| with distinct general fibers. This prop- 
erty leads a geometrical criterion for S to have trivial Makar-Limanov invariant. 
We recall that a minimal completion of S is an open embedding S S of 5 into a 
normal projective surface £, nonsingular along B = S\S, such that B is an SNC- 
divisor, with nonsingular curves as irreducible components, which does not contain 
(— l)-curves meeting at most two other components transversally in a single point. 
In [6], the author established that a complex normal affine surface S has a trivial 
Makar-Limanov invariant if and only if the dual graph of the boundary divisor of 
any minimal completion of S is a chain. Since the arguments given in Proposition 
2.10 and Theorem 2.16 in [6] remain valid over an arbitrary algebraically closed 
field of caracteristic zero, we obtain the following more general criterion. 

Theorem 5.2. A normal affine surface S ^± Spec (k \x, a; -1 ,?/]) has a trivial 
Makar-Limanov invariant if and only if the dual graph of the boundary divisor 
of every minimal completion of S is a chain. Moreover, if there exists a completion 
of S with this property, then this also holds for every other minimal completion. 

Danielewski surfaces with a trivial Makar-Limanov invariant. Here we 
apply the general criterion (5.2) to Danielewski surfaces. 

Definition 5.3. A comb is a rooted tree T such that T\L(T) is a chain. Equiva- 
lently, T is a comb if every e E T \ L (T) has at most one child which is not a leaf 
of T. For instance, the tree T of Figure 1 is a comb rooted in eo- 

For Danielewski surfaces 

Theorem 5.4. A Danielewski surface S/k has a trivial Makar-Limanov invariant 
if and only if it is isomorphic to a Danielewski surface S (7) defined by an (k [x] , x) - 
labelled comb 7. 

Proof. A tree T is a comb if and only if its essential subtree Es (T) is. Thus, by 
(3.10), we can suppose that S = S (7) for a certain essential (k [x] , x) -labelled 
tree 7 = (r, a). If 7 is the trivial tree, then S ~ A^ ~ A^ has trivial Makar- 
Limanov invariant. Otherwise we let po ■ So — — ► X, where X ~ denotes 
a nonsingular projective model of X ~ A^, and we embed So = A^ into So as the 
complement of the ample divisor Foo U C, where i 7 ^ ~ P| denotes the fiber of po 
over 00 = X \ X , and where C ~ Pi is a section of po 'at infinity'. By applying 
the same procedure as in (4.6) to So, we obtain a projective surface S and an open 
embedding S <-^> S such that the dual graph G (B) of the boundary divisor B = S\S 
is isomorphic to the tree obtained from T by deleting its leaves and replacing its 
root by a chain with three elements corresponding to the strict transforms Fq , C 

and of the curves F = Pq 1 {x ), C and Foo. Since (c' 2 ^J = (^ 2 ) = an d 

(-Fo 2 ) < — 2 as 7 is essential, we conclude that S is a minimal completion of S. So 
the statement follows from (5.2) as G (B) is a chain if and only if T is a comb. □ 
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Example 5.5. Let Pi, . . . , P n £ k [T] be a collection of polynomials with simple 
roots, one of these roots, say A»,i 6 k, 1 < i < n, being distinguished, and let 

(T) = (T - A^)- 1 Pi (T) = ]J(T Xtj) , i = 1, . . . , n. 

3=2 

The nonsingular surface S = S'p 1; ... i p n C Spec (k [X , Xi, . . . , A n+1 ]) with equa- 
tions 

X X j+1 = JJifc (X,) P 3 (Xj) for 1 < j < n 

i-i 

(Xf-i-Aj-i.O-Xi+i = X j \\R i {X i )P l {X l ) for 2 <j<l<n 

where flT\ R t (X t ) = 1 if j > I - 1, is a Danielewski surface with base (fc [x] , x) . 
Indeed, S \x,— Spec (k [XqjX^ 1 ] [Xi]) whereas the irreducible components of the 
fiber pr" 1 (0) are the curves C (Xi,i, ■ • ■ , A^.i, . . . , X m -ij) ~ with equations 

|a" = 0, {X t = Ai,i) i=li m _ 2 ,X m _i = A m _i !:) | m = 1, . . . ,n, j = 1, . . . ,r m 

Moreover, the projection p' : S — ► Spec (fc [X„ + i]) is a second A 1 -fibration, and so 
ML (S 1 ) = k. In [5], we prove that a Danielewski surface with base (k [x] , has a 
trivial Makar-Limanov invariant if and only if it is isomorphic to a surface Sp 1 p n . 

Corollary 5.6. Given a morphism a Danielewski surfaces (3 : S' — ► S , we let 

j3 : S' = S m S m -i 11 1r —> ■ ■ ■ So ^ S 

be the factorization of (3 into a sequence of fibered modifications followed by an open 
immersion. Then the following hold. 

a) If ML (Sk ) = k then this also holds for Sk, < k < ko — 1. 

b) If ML (S) = k then this also holds for So- 

Proof. The Makar-Limanov invariant of Sk being trivial, we can suppose that Sk 
is isomorphic to the surface defined by a (fc [x] , x) -labelled comb 7 = (T, a). Then 
Sko-i is isomorphic to the surface defined by a comb obtained from 7 by blowing- 
down the leaves at the unique maximal element e of F\Leaves (F). Thus Sk -i has a 
trivial Makar-Limanov invariant by virtue of (5.4), and so, (a) follows by induction. 
To prove (b) , we can again suppose that S ~ S (7) for a certain (k [x] , x) -labelled 
comb 7 = (r, a). Then Sq is isomorphic to the surface defined by the comb obtained 
from 7 by deleting a subset N C Leaves (T) . □ 

As a consequence of the above description, we recover the characterization of the 
Danielewski surfaces Sp t i — {xz — P (y) = 0} in A| = Spec (fc [x, y, z]) given in [1]. 

Corollary 5.7. For a Danielewski surface n : S —> Ag, the following are equivalent. 

a) ML{S) — k and the canonical sheaf lus of S is trivial 

b) S ~ S (7) for a suitable (k [x] , x) -labelled comb 7 of height h < 1. 

c) S ~ Sp.i C A| for a certain nonconstant polynomial P with simple roots. 

Proof. By (3.10), we can suppose that S = S (7) for a certain essential (k [x] , re- 
labelled tree 7. The canonical sheaf i^s(-y) ls trivial if and only if if and only 
if the invertible sheaf £ n ,-^( 7 ) on X (n) is trivial (see the proof of (2.13)). By 
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construction, this is the case if and only if all the leaves of 7 are at the same level. 
On the other hand, by (5.2), ML (S (7)) is trivial if and only 7 is a comb. Thus (a) 
and (b) are equivalent since an essential comb with all its leaves at the same level 
is either the trivial tree or a nontrivial comb of height 1. Finally, (b) and (c) are 
equivalent by virtue of (3.5). □ 

Cyclic quotients of Danielewski surfaces. A closed fiber 5 2o of an A 1 -fibration 
q : S —* Z on a normal affine surface is called degenerate if it is not isomorphic 
to ALn . In [7], Fieseler describes the structure of invariant neighbourhoods of 
degenerate fibers of a quotient A 1 -fibration q : S — > Z = S//G a ,c on a normal 
affine surface S/C with a nontrivial G 0j c-action. This description, which remains 
valid for affine surfaces defined over an algebraically closed field of caracteristic 
zero, can be reinterpreted as follows. 

Proposition 5.8. Let q : S — > Z be an A 1 -fibration on a normal affine surface 
S/k. If S ZQ = q^ 1 (zq) is a degenerate fiber of q, then there exist a finite morphism 
<f> : X — > Z' = Spec(Oz.z ) totally ramified at the unique point xq over z$ and a 
DFS tt : S — > X with base (X, xo) equipped with an action of a cyclic group Z m 
such that S Xz Z' = S /7L rn . 

Proof. If S ZQ is reduced then every irreducible component of S ZQ is a connected 
component of S Zo and is isomorphic to Al (see Lemma 1.2 in [7]). Thus P2 ■ 
S' = S Xz Z' — > Z' is already a DFS with base {Z',zq). Otherwise, if S Zo is 
irreducible but not reduced, say with multiplicity to > 2, then, by Theorem 1.7 
in [7], there exists a Galois covering <f) : X — > Z' of order to, etale over Z' \ {zo} 
and totally ramified at the unique point xo over zo, such that the normalization 
S of (S" Xz> A) red is a DFS 7r : S — > X, equipped with an action of the Galois 
group Z m of the covering <j> such that S' ~ S/Z m . If S Zo is neither irreducible nor 
reduced, with irreducible components C, of multiplicity to, > 1, i = 1, . . . , n, then 
there exist DFS's TTi : Si — > Xi as above such that S[ = (S' \ S Zo ) UCi is isomorphic 
to Si/Z mi for every i — l,...,n. Letting to be a common multiple of the jt^'s, 
these DFS's glue in a similar way as in the proof of Theorem 1.8 in [7] to a DFS 
tt : S — > Y, equipped with an action of Z m such that S' ~ S/Z m . This completes 
the proof. □ 

The above description is local in nature. However, a similar argument shows that a 
surface S/k equipped with an A 1 -fibration q : S — > A| with at most one degenerate 
fiber is isomorphic to cyclic quotient of a Danielewski surface. By Proposition 
2.15 in [6], a normal affine surface S/k with a trivial Makar-Limanov admits an 
A 1 -fibration q : S — > A^ with this property. So we obtain the following result. 

Theorem 5.9. A normal affine surface S/k with a trivial Makar-Limanov invari- 
ant is isomorphic to a cyclic quotient of a Danielewski surface. 

If the corresponding quotient morphism ip : S' — > S"/Z m ~ S is etale in codimension 
1, then the Danielewski surface 5" has a trivial Makar-Limanov invariant too (see 
e.g. [15]) . In general this is not the case, as shown by the following example. 

Example 5.10. A similar argument as in (3.5) shows that the Danielewski surface 
with base (C [x] , x) defined by the following labelled tree 
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is isomorphic to the surface pr x : S' — > Spec (C [x]) in A^ = Spec (C [x, y, z, u]) 
given by the equations 

xz — y (y 2 — l) = 0, (y 2 — l) u — z 2 = 0, xu — yz = 0. 

It comes equipped a Z 2 -action (x,y,z,u) i— > (—x,—y,z,u). The quotient S/Z TO is 
isomorphic to the nonsingular surface «S" C Spec (C [a, 6, c, d, e]) with equations 

ab = c 2 , ad = (b — 1) c, ae = cd = b (b — 1) , 
ce = 6d, (6-l)e = d 2 

via the quotient morphism <f> '■ S' — > 5 induced by the ring homomorphism 

C [a, 6, c, d, e] — > C [x, y, z, u] , (a, b, c, d, e) (x 2 , y 2 , xy, z, u) . 

Note that <\> is ramified along pr~ x (0). Since 7 is not comb, ML (S") is not trivial. 
On the other hand, S has trivial Makar-Limanov invariant since it admits two A 1 - 
fibrations pr a : S — > Spec (C [a]) and pr e : 5 — ► Spec(C[e]) with distinct general 
fibers. 
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